W_infty Structures of 2D String Theory by Hamada, Ken-ji
ar
X
iv
:h
ep
-th
/9
60
21
50
v1
  2
7 
Fe
b 
19
96
KEK-TH-471
hep-th/9602150
February 1996
W∞ Structures of 2D String Theory1
KEN-JI HAMADA
National Laboratory for High Energy Physics (KEK),
Tsukuba, Ibaraki 305, Japan
hamada@theory.kek.jp
Abstract
The Ward identities of the W∞ symmetry in 2D string theory in
the tachyon background are studied in the continuum approach. Com-
paring the solutions with the matrix model results, it is verified that
2D string amplitudes are different from the matrix model amplitudes
only by the external leg factors even in higher genus. This talk is
based on the recent work [1] and also [2] for the cM < 1 model.
1 Talk given at the workshop on “Frontiers in Quantum Field Theory”, Osaka, Japan,
December 1995.
1 Introduction
Many interesting issues in string theory such as dynamical compactification,
black hole physics, etc, require a non-perturbative formulation. At present,
such a formulation is not available in higher dimensional string theories.
In two or fewer spacetime dimensions, however, the string theory becomes
solvable [3] due to the presence of W∞ symmetry [4, 5, 6, 1, 2, 8, 7], which
gives a possibility of studying the non-perturbative formulation of string
theory. Furthermore 2D string theory itself has interesting spacetime physics.
It gives the 2D dilaton gravity coupled to a massless field called “tachyon”
as the effective theory [9]:
Ieff =
∫
d2x
√−Ge−2Φ
[
1
4
RG + (∇Φ)2 + 4− 1
2
(∇T )2 + 2T 2 + 2
√
2
3
T 3
]
. (1)
Thus 2D string theory is also attractive as an alternative approach to study-
ing 2D quantum dilaton gravity [10].
There are several formulations of two dimensional string theory. The ma-
trix model (see reviews [3] and references therein) is generally believed to de-
scribe the 2D string theory, which is in principle defined non-perturbatively.
The continuum theory [11, 12, 13] is defined using the standard quantization
method of the string perturbation theory. The topological description of 2D
string theory is formulated in refs.[15,7]. To understand the non-perturbative
formulation of string theory it is important to clarify the relations between
these methods.
In the present work we investigate the continuum method of 2D string
theory and show that the following relation is exact even in higher genus:
S
(g)
k1,···,kN→p1,···,pM
=
N∏
i=1
Γ(−ki)
Γ(ki)
M∏
j=1
Γ(−pj)
Γ(pj)
Sˆ
(g)
k1,···,kN→p1,···,pM
, (2)
where S(g) stands for 2D string amplitude of genus g and Sˆ(g) is identified
with the matrix model amplitude of genus g.
The strategy how to show that the above relation is indeed satisfied is
the following. We can directly calculate the 1 → N sphere amplitudes in
the continuum method so that we can check the relation easily [3]. But, it
is very difficult to calculate general sphere amplitudes and higher-genus ones
in the continuum method. We here consider the Ward identities of the W∞
1
symmetry which give the recursion relations between amplitudes on different
genus. We then compare the solutions with the matrix model results.
2 Physical States and W∞ Currents
We consider 2D string theory in the linear dilaton background [13], Gij = δij
and Φ = 2φ, which is the vacuum solution of 2D dilaton gravity (1),
I0 =
1
4pi
∫
d2z
√
gˆ(gˆαβ∂αφ∂βφ+ gˆ
αβ∂αX∂βX + 2φRˆ) , (3)
where φ is the Liouville field which is identified with the space coordinate
and X is the cM = 1 matter field which is identified with the (Euclidean)
time.
A physical state with continuous momentum can only be the massless
scalar called “tachyon” in the string terminology. In two dimensions the
tachyon mode becomes massless in the linear dilaton vacuum. The tachyon
vertex operator with momentum/energy k(> 0) is given by
T±k =
1
pi
∫
d2ze(2−k)φ(z,z¯)±ikX(z,z¯) , (4)
where ± denotes the chirality. The selection of k > 0 is called the Seiberg
condition [12]. We will postulate below that the amplitude including the
anti-Seiberg (k < 0) states vanishes.
There is an infinite number of physical states at the integer momenta
called the discrete states [16], which are constructed from the OPE of the
tachyon operators with integer momenta, V −n+1(z, z¯)V
+
m+1(w, w¯) ∼ 1|z−w|2
Rn,m(w)R¯n,m(w¯), where n,m are positive integers
2 and V ±k (z, z¯) is the ex-
ponential part of the tachyon operator (4). The states Rn,m are nothing
but the remnants of the massive string modes in higher dimensional string
theories. The discrete states Rn,m form the chiral W∞ algebra [4]. We here
normalize the fields such that
Rn,m(z)Rn′,m′(w) =
1
z − w (nm
′ − n′m)Rn+n′−1,m+m′−1(w) . (5)
2We slightly change the notation of the subscript of R and B in refs.[1,2].
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Besides these, at the same momenta, there are the BRST invariant opera-
tors with conformal dimension zero, Bn,m [16], which satisfy the ring structure
Bn,m(z)Bn′,m′(w) = Bn+n′−1,m+m′−1(w). Combining Rn,m(z) and B¯n,m(z¯), we
can construct the W∞ symmetry currents [4] Wn,m(z, z¯) = Rn,m(z)B¯n,m(z¯),
which satisfy
∂z¯Wn,m(z, z¯) = {Q¯BRST , [b¯−1,Wn,m(z, z¯)]} , (6)
where the algebra ∂z¯ = L¯−1 = {Q¯BRST , b¯−1} is used.
3 Scattering Amplitudes of Tachyons
Let us consider the action in the tachyon background
I = I0 + µBT0 , (7)
where T0 = limǫ→0 T
±
ǫ . The tachyon is massless so that S-matrix including
T0 vanishes. To ensure the non-decoupling of µBT0 we must make the bare
tachyon background µB divergent as follows: µB → µǫ .
The S-matrix of tachyons in the tachyon background is defined by
S
(g)
k1,···,kN→p1,···,pM
=<
N∏
i=1
T+ki
M∏
j=1
T−pj >g= (8)
(
−λ
2
)−χ/2
δ
( N∑
i=1
ki −
M∑
j=1
pj
)
µsB
Γ(−s)
2
<
N∏
i=1
T+ki
M∏
j=1
T−pj (T0)
s >(free)g ,
The superscript free denotes the free field representation. The δ-function
and µsB
Γ(−s)
2
come from the zero-mode integrals of X and φ respectively [14].
g is the genus, χ = 2− 2g and s is given by s = ∑Ni=1 ki + χ−N −M .
The theory is tranlationally invariant in the time X , while is not in the
space coordinate φ. So the factorization property of amplitudes are differ-
ent from the usual string theory in the zero-dilaton vacuum Φ = 0. Let us
introduce the eigenstate of the hamiltonian H = L0 + L¯0
3, |h, l;N > with
the eigenvalue 1
2
h2+ 1
2
l2+2N , where |h, l;N = 0 >= c¯c exp[(2+ ih)φ(0, 0)+
ilX(0, 0)]|0 >. The normalization is given by< h′, l′;N ′|h, l, ;N >0= − 2λ(2pi)2
3L0 is the zero-mode of the Virasoro generator including the ghost part.
3
δ(h′+h)δ(l′+ l)δN ′,N . Note that the on-shell (H = 0) state has purely imag-
inary h. l must be real to preserve the translational invariance of X . The
string propagator is given by 2
H
. So the factorization of 2D string ampitude
into two parts is given in the form
< O >= −λ
2
∞∑
N=0
∫
dh
2pi
∫
dl
2pi
< O1| − h,−l;N >
× 21
2
h2 + 1
2
l2 + 2N
< h, l;N |O2 > + · · · , (9)
where · · · denotes other channels. The zero-mode integral of X ensures the
conservation of energy so that l is fixed, while the zero-mode integral of φ
does not produce the δ-function in the linear dilaton background. We then
obtain the analytic function of h. So h integral is non-trivial even in tree
amplitudes. Naively we can deform the h integral to the complex plane. It
picks up the on-shell poles on the imaginary axis.
4 Ward Identities of W∞ Symmetry
We introduce the normalized tachyon vertex operator
Tˆ±k = Λ(k)T
±
k , Λ(k) =
Γ(k)
Γ(−k) (10)
and call the amplitude given by replacing T±k in (8) with Tˆ
±
k the Sˆ-matrix.
Henceforth we consider the Ward identities in the form 1
π
∫
d2z∂z¯ < Wn,m(z, z¯)
O >g= 0, where O is a product of the normalized tachyon operators.
Let us first calculate the operator product expansion (OPE) between the
current and the tachyon operators, which is given in refs.[4,1],
Wn,m(z, z¯) Tˆ
+
k1
(0, 0) Tˆ+k2 · · · Tˆ+kn
=
1
z
n!
( n∏
i=1
ki
)
Tˆ+k1+···+kn−n+m(0, 0) , (11)
where Tˆ+k (z, z¯) is defined by replacing the integral in (4) with c¯(z¯)c(z). It
was computed step by step from the n = 1 formula to the general n. This is
analogous to the calculation of the OPE coefficients in CFT, where Tˆ+kj (j =
4
2, · · · , n) just play a role of screening charges. Note that the OPE with
the zero-momentum tachyon T0 vanishes, but the OPE with the tachyon
background µBT0 becomes finite due to the renormalization of µB.
The OPE with the tachyon Tˆ−p is easily calculated by changing the chiral-
ity. It is carried out by changing the sign of the field X such that Tˆ+ → Tˆ−
and Wn,m → −Wm,n (the roles of n and m are interchanged).
The OPE singularity gives the linear term of the Ward identity. In addi-
tion we get the BRST-trivial correlator < 1
π
∫
d2z{Q¯BRST , [b¯−1,Wn,m(z, z¯)]}
O >g. Usually such a correlator would vanish. In this case, however, it
gives the anomalous contributions from the boundary of moduli space. The
boundary is described by using the string propagator in the form
D =
1
pi
∫
e−τ≤|z|≤1
d2z
|z|2 z
L0 z¯L¯0 =
2
H
− 2
H
e−τH , τ →∞ , (12)
where the second term of r.h.s. is the boundary.
Let us first calculate the n = 1 anomalous contribution. We then have to
evaluate the following boundary contribution:
lim
τ→∞
−λ
2
∞∑
N=0
∫
dl
2pi
∫
dh
2pi
∫
e−τ≤|z|≤1
d2z < O1[b¯−1,W1,m(z, z¯)]
×Q¯BRST −2
H
e−τH | − h,−l;N >< h, l;N |O2 > . (13)
We consider only the N = 0 mode. As a result, the N 6= 0 contributions
vanish exponentially as e−2Nτ . The z-dependence of the integrand is given
in the form
[b¯−1,W1,m(z, z¯)]Q¯BRST
1
H
e−τH | − h,−l >= (14)
f(h, l)|z|{(m−1)(−ih−l+2)−2m}e−τ(h2+l2)/2| − h+ i(m− 1),−l +m− 1 > ,
where we use Q¯BRST =
1
2
c¯0H + · · ·. f(h, l) is the calculable coefficient.
Changing the variable to |z| = e−τx, where 0 ≤ x ≤ 1, we get the following τ -
dependence: 2piτ exp[−τ{1
2
(h2+l2)+x(m−1)(−ih−l)}]. Thus the integrand
is highly peaked in the limit τ →∞. So we can exactly evaluate the integral
of h at the saddle point hs.p. = i(m− 1)x. We then get the expression
λτ
√
2pi
τ
∫
dl
2pi
∫ 1
0
dx exp
[
−τ
2
{(m− 1)x− l}2
]
f(h = i(m− 1)x, l)
× < O1|i(m− 1)(1− x), m− 1− l >< i(m− 1)x, l|O2 > . (15)
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The x integral is also evaluated at the saddle point xs.p. =
l
m−1
and produces
the coefficient 1
m−1
f(h = il, l) = Λ(m−1− l)Λ(l). We then get the boundary
contribution
λ
∫ m−1
0
dl < O1 Tˆ+m−1−l >< Tˆ+l O2 > , (16)
where the Λ-factors are absorbed in the T+m−1−l and T
+
l . The l integral
is restricted within the interval 0 ≤ l ≤ m − 1 because the saddle point
xs.p. should be located within the interval 0 ≤ xs.p. ≤ 1 to give the finite
contribution. Assuming that the boundary structure does not change in
higher genus, we then get the expression
λ
∫ m−1
0
dl
[
1
2
∑
O=O1∪O2
g=g1+g2
< Tˆ+m−1−l O1 >g1< Tˆ+l O2 >g2
+
1
2
< Tˆ+m−1−lTˆ
+
l O >g−1
]
. (17)
The second term is a variant of the first term, which comes from the con-
figuration that two surfaces are connected by a handle. The factor 1
2
in the
first term is to correct the overcounting of the summation and that in the
second term is to correct the double counting coming from the interchange
of Tˆ+m−1−l and Tˆ
+
l .
We next consider the n = 2 case. We then have to evaluate the following
quantity:
−λ
2
∫
dl
2pi
∫
dh
2pi
< O′1
{∫
e−τ≤|z|≤1
d2z∂¯W2,m
∫
|w|≤|z|
d2wVˆ +k + (18)∫
e−τ≤|z|≤1
d2zVˆ +k
∫
|w|≤|z|
d2w∂¯W2,m
}−2
H
e−τH | − h,−l >< h, l| O′2 > ,
where Tˆ+k =
∫
d2zVˆ +k (z, z¯). The primes on O1,2 denote the exclusion of the
operator Tˆ+k . After carrying out the integration of w, we evaluate the z
and h integral using the saddle point method. At τ → ∞ we obtain the
contribution
λ2! k
∫ m−2+k
0
dl < O′1Tˆ+m−2+k−l >g1< Tˆ+l O′2 >g2 , (19)
where g = g1 + g2. There also is a variant of this contribution coming from
the configuration where two surfaces are connected by a handle.
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As an another variant of (19) we furthermore obtain the boundary con-
tribution with the triple product of amplitudes,
λ2!
∫ m−2
0
dl
∫ m−2−l
0
dl′ < Tˆ+m−2−l−l′O1 >g1< Tˆ+l O2 >g2< Tˆ+l′ O3 >g3 , (20)
where g = g1 + g2 + g3. Noting the factorization property discussed be-
fore that the intermediate state becomes on-shell after integrating over the
intermediate momentum, it is calculated by replacing the vertex operator
Vˆ +k in (18) with the factrization formula −λ2 2Hl′ Vˆ−l′ < Tˆ
+
l′ O2 >g3, where
1
Hl′
=
∫ dh
2π
(1
2
h2 + 1
2
l′2)−1 = 1
l′
and only the N = 0 mode is considered.
The general n formula is
λa−1 n!
(n+1−a∏
i=1
ki
) ∫ a∏
i=1
dliθ(li) δ
( a∑
i=1
li −
n+1−a∑
i=1
ki + n−m
)
× < Tˆ+l1 O′1 >g1< Tˆ+l2 O′2 >g2 · · · < Tˆ+la O′a >ga , (21)
where
∑a
i=1 gi = g and a = 1, · · · , n + 1. θ is the step function. The a = 1
formula is nothing but the contribution of the OPE (11). In addition, as
discussed in the cases of n = 1, there are many variants of this expression
coming from the boundary configurations that some of the surfaces are con-
nected by handles.
The formulas with the vertex Tˆ−p are given by changing the chirality;
Tˆ+ → Tˆ− and Wn,m → −Wm,n. Summarizing the boundary contributions,
we can write out the Ward identities. For example, we get
0 =
1
pi
∫
∂¯ < W2,1 Tˆ
+
k1
Tˆ−p1Tˆ
−
p2
>g
= −x < Tˆ+k1 Tˆ−p1Tˆ−p2 Tˆ−1 >g −p1 < Tˆ+k1Tˆ−p1+1Tˆ−p2 >g
−p2 < Tˆ+k1 Tˆ−p1Tˆ−p2+1 >g +2!xk1 < Tˆ+k1−1Tˆ−p1Tˆ−p2 >g
−λ
2
∫ 1
0
dl < Tˆ−1−lTˆ
−
l Tˆ
−
p1 Tˆ
−
p2Tˆ
+
k1
>g−1 (22)
+
λ
2
2!k1
∫ k1−1
0
dl < Tˆ+k1−1−lTˆ
+
l Tˆ
−
p1
Tˆ−p2 >g−1
+λ2!k1
g∑
h=0
∫ k1−1
0
dl < Tˆ−p1Tˆ
+
k1−1−l
>h< Tˆ
+
l Tˆ
−
p2
>g−h ,
7
where the first term is given by the OPE with the tachyon background µBT0,
where µB is replaced with the renormalized one µ = −x. The second and
the third terms are respectively given by the OPE with Tˆ−p1 and Tˆ
−
p2. The
fourth term is given by the perturbed OPE with Tˆ+k1 and µBT0. The last
three terms are just anomalous contributions coming from the boundary of
moduli space.
This is not the end of the strory. As for sphere amplitudes the W∞
identities form a closed set among those and we can solve the identities
recursively. We can obtain all types of sphere amplitudes of the normalized
tachyons that exactly agree with the matrix model ones. For higher-genus
cases, however, there is a problem. The Wn,m identities with n,m ≤ 2 such
as (22) are consistent with the matrix model results. But, for the general
Wn,m identity with n,m > 2, further boundary contributions are necessary
in order that the solution exists. It is easily imagined that there are the
contributions shown in fig.1. On the basis of this figure we can speculate a
generalisation of the formula (21) as follows:
λa−1+h
∫ a∏
i=1
dliθ(li) D
+(h)
a (−l1, · · · ,−la, k1, · · · , kn+1−a−2h;n,m)
× < Tˆ+l1 O′1 >g1< Tˆ+l2 O′2 >g2 · · · < Tˆ+la O′a >ga , (23)
where
∑a
i=1 gi = g − h and a = 1, · · · , n + 1 − 2h. h stands for the genus of
the surface Σ in fig.1. −li represents the conjugate mode of Tˆ+li . The Σ-part
just gives the connectivity matrix D+(h)a at τ → ∞. The h = 0 formula is
nothing but (21). The h 6= 0 contributions exist for g ≥ h and n ≥ 2h, where
note that the h = 1 formula would contibute in the W2,1 identities, but it
vanishes due to the Seiberg condition.
The direct calculation of the connectivity matrix D±(h)a for h ≥ 1 is very
difficult. So we guess the forms. Recall that the discrete state Rn,m is given
by the OPE of the tachyon operators T−n+1 × T+m+1 ∼ Rn,m. This suggests
that we could replace the operator ∂¯Wn,m with the two tachyons Tˆ
−
n+1 and
Tˆ+m+1. Thus we identify the surface Σ with the 1→ n+ 2− 2h amplitude of
genus h. From this argument we guess the expressions of D as follows:
D+(h)a (−l1, · · · ,−la, k1, · · · , kn+1−a−2h;n,m) (24)
=
λ1−h
(n+ 1)(m+ 1)
∏a
i=1(−li)
Sˆ
(h)
m+1,−l1,···,−la,k1,···,kn+1−a−2h→n+1
,
8
...
...
...
..
..
....Σ Σ Σ
ΣΣ
1
2 a-1
a
n-3-a1
X
k k
Figure 1: The incoming and the outgoing arrows denote Tˆ+k and Tˆ
−
p , respec-
tively. The cross point is ∂¯Wn,m. The degenerate point of the surface stands
for −2
H
e−τH .
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where the Sˆ-matrix formula is applied as if −li were positive. The normal-
ization is fixed by fitting the h = 0 formula with (21). For example, using
the result of the matrix model [3], we obtain the genus-one expression
D+(1)a = δ(
a∑
i=1
li −
n−1−a∑
i=1
ki + n−m) 1
24
n!
(n−1−a∏
i=1
ki
)
×
( a∑
i=1
l2i +
n−1−a∑
i=1
k2i + (m+ 1)
2 − n− 2
)
. (25)
Once the connectivity matrix of genus one D±(1)a is given, we can then obtain
all genus amplitudes recursively.
5 Summary
We studied the W∞ structure of 2D string theory in the continuum method.
We derived recursion relations which connect different genus amplitudes. For
sphere amplitudes we can solve the W∞ identities recursively and can obtain
all types of amplitudes. For higher-genus cases we first checked that theWn,m
identities with n,m ≤ 2 are consistent with the matrix model. For general
Wn,m, however, it is necessary to add the extra contributions (23) which are
difficult to calculate directly. So we guessed the form from a simple argument
and checked that the Ward identities are indeed closed and consistent with
the matrix model. We explicitely verified the equivalence up to three genus
by using the genus-one expression (25). In this way we conclude that the
Sˆ-matrix is equivalent with the matrix model amplitude in general genus.
Finally we comment on the work for the cM < 1 model [2]. In this case we
consider the chiral theory that consists of only the positive (or the negative)
tachyon states with the discrete momenta. Then the W∞ Ward identities
result in the W -algebra constraints [17].
I am grateful to Sumit R. Das for careful reading of the manuscript.
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